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Path integral

Riemann surface Σ, Riemannian metric g

xF yΣ,g :“

ż

Φ:ΣÑR{2πRZ
F pΦqe´SΣpΦ,gqDΦ

Liouville action

SΣpΦ, gq “
1

4π

ż

Σ
p|dΦ|2g ` iQKgΦ` µe iβΦqdvg

Parameters

β P p0, 2q, Q “
β

2
´

2

β
, µ P C

CFT with central charge c “ 1´ 6Q2



Why CILT?

Conjectural scaling limit of Loop models

§ e.g. critical Potts or Opnq (Jacobsen, Kondev, Saleur, etc...)

§ applications to conformal critical curves (Binder, Duplantier, Gruzberg, Wiegmann,

etc...)

Maths challenges :

§ Probabilistic methods for non-unitary CFTs (Logarithmic CFT)

§ Higher order renormalisation schemes (similar to Sine-Gordon)

§ Minimal models: path integral reformulation of BRST cohomology (Felder)



Main results

CILT path integral

xF yΣ,g :“

ż

Φ:ΣÑR{2πRZ
F pΦqe´

1
4π

ş

Σp|dΦ|2g`iQKgΦ`µe iβΦqdvgDΦ.

Theorem (GKR ’23)

Fix β2 ă 2 and set Q “ β
2 ´

2
β .

Rational case: β2 P Q.
One can construct the path integral and correlation functions on any Riemann surface
Σ. It obeys Segal’s axioms of CFT with central charge 1´ 6Q2.

Irrational case: β2 R Q.
Same conclusion on surfaces of genus 0 or 1.



Hints for the construction

Segal’s axioms and bootstrap



Compactified GFF

Riemann surface Σ, Riemannian metric g

F ÞÑ

ż

Φ:ΣÑR{2πRZ
F pΦqe´

1
4π

ş

Σ |dΦ|2gdvgDΦ

If Φ : Σ Ñ R{2πRZ then dΦ is a closed 1-form on Σ.
Hodge decomposition on Σ

Closed 1-forms “ Exact 1-formsk De Rham cohomology

The integration measures splits in two parts

§ on exact forms, (standard) Gaussian Free Field

§ discrete Gaussian on the De Rham cohomology group.
Remark: this group is trivial on the Riemann sphere (this talk)



Gaussian Free Field

Let Xg be the GFF on Σ in the metric g on Σ

Xg pxq “
1
?

2π

ÿ

ně1

αn
?
λn

enpxq

with

§ pαnqn iid standard Gaussians

§ penqn orthonormal basis of eigenfunctions of Laplacian ∆g with eigenvalues pλnqn
and b.c.

ş

Σ endvg “ 0

§ Covariance ErXg pxqXg px
1qs “ Gg px , x

1q Green function of the Laplacian.



The Riemann sphere

Let Σ be the Riemann sphere with a metric g .

Gaussian integral

ż

Φ:ΣÑR{2πRZ
F pΦqe´

1
4π

ş

Σ |dΦ|2gdvgDΦ :“ C pgq

ż

R{2πRZ
E
”

F pc ` Xg q

ı

dc

with C pgq :“
` vg pΣq

det1p∆g q

˘
1
2 .



The Riemann sphere

Imaginary Liouville path integral

xF yΣ,g :“ C pgq

ż

R{2πRZ
E
”

F pc ` Xg qe
´ iQ

4π

ş

Σ Kg pc`Xg q dvg´µ
ş

Σ e iβpc`Xg qdvg
ı

dc

Imaginary Gaussian multiplicative chaos (GMC, Lacoin-Rhodes-Vargas ’19):

ż

Σ
e iβXgdvg :“ lim

εÑ0
ε´

β2

2

ż

Σ
e iβXg,εdvg

is non trivial for β2 ă 2 and has exponential moments of all orders.

Remarks:
1) for the potential and curvature to be functions on the circle, we must have β2 P Q
2) Sine-Gordon like renormalisation for 2 ď β2 ă 4



Correlation functions of electric operators
Electric operators:

Vαpxq :“ e iαΦpxq, for x P Σ, α P
1

R
Z

Correlation functions: x “ px1, . . . , xnq and α “ pα1, . . . , αnq

xVαpxqyΣ,g :“ xVα1px1q . . .VαnpxnqyΣ,g

Theorem

If αj ą Q and αj P
1
RZ for all j , then

xVαpxqyΣ,g “ C pg , xq

ż

R{2πRZ
E
”

e´
iQ
4π

ş

Σ Kg pc`Xg`uxqdvg´µ
ş

Σ e iβpc`Xg`uxqdvg
ı

dc ,

with uxpzq :“
řn

j“1 iαjGg pz , xjq, is well defined.
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Correlation functions of magnetic operators
Magnetic operators:

Ompzq, for m P Z, z P Σ

has the effect of forcing the field Φ to have a winding 2πRm around z .

Construction: z “ pz1, . . . , zpq, assume
řp

j“1 mj “ 0.
Consider a harmonic 1-form ωz,m on Σ s.t.

ż

γpzj q
ωz,m “ 2πRmj

with γpzjq a small contour surrounding zj .
Formally

xOmpzqyΣ,g :“ C pgq

ż

R{2πRZ
E
”

e´
iQ
4π

ş

Σ KgΦg dvg´µ
ş

Σ e iβΦg dvg
ı

dc

with

Φg :“ c ` Xg ` Ix0pωz,mq and Ix0pωz,mqpxq :“

ż x

x0

ωz,m

Multivalued: we need to construct a branch cut
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Defect graph

Consider unit tangent vectors vj P Txj Σ and p´1 smooth
arcs ζ` : r0, 1s Ñ Σ such that

§ the arcs connect all the points and don’t intersect

§ the arcs leave and arrive points along the unit
vectors

§ arcs are oriented in the sense of increasing charges

§ no cycle, connected

z̀1z̀2

z̀3

z̀4

Defect graph:

Dz,v “

p´1
ď

`“1

ζ`pr0, 1sq.

ωz,m is exact on ΣzDz,v and the primitive Ix0pωz,mq is well defined.
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Defect graph and regularized curvature

Regularized curvature:
ż reg

Σ
Kg Ix0pωz,mqdvg :“

ż

ΣzDz,v

Kg Ix0pωz,mqdvg ´ 2
p´1
ÿ

`“1

κpξ`q

ż

ξ`

kgd`g

z̀1z̀2

z̀3

z̀4

κpξ`q :“
ÿ

charges in the yellow area “ m1 `m2 `m3

Theorem:

The regularized curvature does not depend on the
defect graph, only on the points zj , the charges mj and
vectors vj .

Proof: Gauss-Bonnet
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Magnetic operators and regularized curvature

xOmpz, vqyΣ,g :“ C pgq

ż

R{2πRZ
E
”

e´
iQ
4π

şreg
Σ KgΦg dvg´µ

ş

Σ e iβΦg dvg
ı

dc

Regularized curvature:

ż reg

Σ
KgΦg dvg :“

ż

Σ
Kg pc ` Xg qg dvg `

ż reg

Σ
Kg Ix0pωz,mq dvg

Theorem:

The path integral does not depend on the defect graph, only on the points zj , the
charges mj and the vectors vj .
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Electro-magnetic operators

xVα,mpz, vqyΣ,g :“ lim
xjÑ

vj
zj
xVαpxqOmpz, vqyΣ,g

Theorem: Well defined if
ř

j mj “ 0 and @j , αj P
1
RZ. They obey

§ diffeomorphism invariance: if ψ : Σ1 Ñ Σ diffeo

xVα,mpψpzq, ψ˚vqyΣ,g “ xVα,mpz, vqyΣ1,ψ˚g

§ local scale covariance: if g 1 “ eϕg for ϕ : Σ Ñ R smooth then

xVα,mpz, vqyΣ,eϕg “ e
cL

96π

ş

Σ |dϕ|
2
g`2Kgϕ

`

e´
ř

j ∆αj ,mj
ϕpzj q

˘

xVα,mpz, vqyΣ,g

with central charge cL “ 1´ 6Q2 and conf. weight ∆pα,mq “
α
2 p

α
2 ´ Qq ` m2R2

4 .

§ Spin: if rθ stands for the rotation of angle θ

xVα,mpz, rθvqyΣ,g “ e iRpα´Qqxm,θyxVα,mpz, vqyΣ,g



On general Riemann surfaces

Compactified GFF has a random topological component: instantons

Further regularisation of curvature term needed due to instantons

This regularisation has a peculiar behaviour under the action of the symplectic group
which induces a distinction between β2 P Q and β2 R Q



Hints for the construction

Segal’s axioms and bootstrap



Comments on the conformal bootstrap

Conformal bootstrap aims to compute

xVα,mpz, vqyΣ,g

Implementing the conformal bootstrap requires at least to determine two datas:

§ the structure constants, namely 3 point correlation on the Riemann sphere

§ the spectrum: ”eigenstates” of the Hamiltonian

Computing the correlation of the CFT is then a (nontrivial) Plancherel type formula
based on the spectrum with structure constants as coefficients



Structure constants (3 point correlation functions)

On the extended complex plane (with e1 the unit vector parallel to x axis)

xVα1,m1p0, e1qVα2,m2p1, e1qVα3,m3p8, e1qy.

If α1 ` α2 ` α3 “ 2Q ´ nβ (n P N) and ∆i , ∆̄i “ βαi ˘
Rβmi

2 (i “ 1, 2)

2πR
p´µqn

n!

ż

Cn

n
ź

j“1

x∆1
j x̄∆̄1

j p1´ xjq
∆2p1´ x̄jq

∆̄2
ź

jăj 1

|xj ´ xj 1 |
β2
dx1 . . . dxn

It s a square root of imaginary DOZZ (Zamolod. ’05)

xVα1,m1p0, e1qVα2,m2p1, e1qVα3,m3p8, e1qy
2 “ 4π2R2µ

2
β
p2Q´

ř

αi q

CDOZZ
β pα1 `m1R, α2 `m2R, α3 `m3RqC

DOZZ
β pα1 ´m1R, α2 ´m2R, α3 ´m3Rq.
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Segal’s axioms
The path integral definition can be extended to amplitudes, namely surfaces with
boundary

AΣ,g ,z,v,αpϕq :“
ż

tΦ:ΣÑR{2πRZ,
Φ|BΣi

“ϕiu

Vα,mpz, vqe
´SΣpΦ,gqDΦ

Checking Segal’s axioms consists in proving that the amplitudes behave well under
gluing along their boundaries

Gluing amplitudes involves integration of the boundary fields in some Hilbert space



Hilbert space

Hilbert space:
H :“ L2

`

Zˆ pR{2πZq ˆ pR2qN0 , µ
˘

with
µ :“ µZ b dc b P

with µZ counting measure on Z, dc Leb. measure on circle, P law of i.i.d. standard
Gaussians on pR2qN0 .

Coordinate map

`

k , c , pxn, ynqn
˘

ÞÑ ϕpθq :“ c ` kRθ `
ÿ

ną0

xn
?
n

cospnθq ´
yn
?
n

sinpnθq



Hamiltonian
Considering gluing of annuli amplitudes, we obtain a semigroup, with generator called
the Hamiltonian of the CFT.

Hilbert space: H :“ L2
`

Zˆ pR{2πZq ˆ pR2qN0 , µ
˘

Coordinate map

ϕpθq :“ c ` kRθ `
ÿ

ną0

xn
?
n

cospnθq ´
yn
?
n

sinpnθq

Hamiltonian:

H :“ ´1
2B

2
c ´

Q2

2 ` P` 1
2R

2k2 ` µ

ż 2π

0
e iβϕpθq dθ

with
P :“

ÿ

ną0

npxnBxn ´ B
2
xn ` ynByn ´ B

2
ynq

Finding the spectrum of the CFT consists in ”diagonalizing” the Hamiltonian



Questions

Hamiltonian and spectrum

§ Non self-adoint

§ ”Eigenstates” form Jordan cells ñ Log CFT

§ Role of singular vectors?

Link with minimal models

§ BRST cohomology (Felder)

§ link between unitary minimal models and SG thresholds?

Link with Loop models

§ Generating critical curves

§ Connection with SLE/CLE?
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